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Abstract. We introducethe dynamicSAT problem,a generalisa-
tion of thesatisfiabilityproblemin propositionallogic which allows
changesof a problemover time.DynSAT canbeseenasa particular
form of a dynamicCSP, but consideringresultsandrecentsuccess
in solving conventionalSAT problems,we believe that the concep-
tual simplicity of SAT will allow us to moreeasilydevise and in-
vestigatehigh-performingalgorithmsfor DynSAT thanfor dynamic
CSPs.In thisarticle,wemotivatetheDynSAT problem,discussvari-
ousformalisationsof it, andinvestigatestochasticlocalsearch(SLS)
algorithmsfor solving it. In particular, we apply SLS algorithms
whichperformwell onconventionalSAT problemsto dynamicprob-
lemsandweanalyseandcharacterisetheirperformanceempirically;
this initial investigationindicatesthat the performancedifferences
betweenvariousalgorithmsof the well-known WalkSAT family of
SAT algorithmsgenerallycarry over whenappliedto DynSAT. We
alsostudydifferentgenericapproachesof solvingDynSAT problems
usingSLSalgorithmsandinvestigatetheir performancedifferences
whenappliedto differenttypesof DynSAT problems.

1 Intr oduction

An importantmethodfor solving hard combinatorialsearchprob-
lemsis heuristicrepair, wherebya solver generatesa completebut
suboptimalsolution,andthenapplieslocal repairtechniquesto find
an optimal solution.This methodhasbeenusedto solve constraint
satisfactionproblemsaswell ashardsatisfiabilityproblems.(See[9]
and[11] for introductions.)

Onereasonfor theinitial excitementsurroundinglocal searchand
heuristicrepairmethodswasthe potentialfor solving optimization
problemswhich facechangesover time. Schedulingproblems,for
example,faceunexpectedeventswhich may requireschedulerevi-
sion, and the efficiency of dynamic reschedulingis important for
time-criticalapplications.Mintonet.al., in their1992paperintroduc-
ing heuristicrepairmethodsfor constraintsatisfactionandschedul-
ing problems[9], notethatrepair-basedmethodscanbeusedfor dy-
namicreschedulingin a naturalmanner, while completebacktrack-
ing methodsarerequiredto throw away any currentsolutionandin-
crementallybuild anew solution.Thisobservationleadsnaturallyto
thequestionof whetherlocal searchis indeedeffective at repairing
solutionswhenproblemsundergosmallchangeswhichinvalidatethe
currentsolution.In thispaper, weattemptto examinethisquestionin
moredetailin thecontext of aparticularlysimpledynamicconstraint
satisfactionproblem,dynamicpropositionalsatisfiability.

Sincethe introductionof local searchmethodsfor generalcon-
straintsatisfactionproblems,methodsfor solving hardsatisfiability
(SAT) problemsusing local searchhave improved greatly, in part
becauseSAT is a simplified CSP (with only two possiblevalues�
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pervariable)which allows theuseof highly efficient heuristics(ex-
emplifiedby the WalkSAT family of algorithms).Suchalgorithms
have successfullyhandledclassicalAI problemssuchas planning
many timesfasterthanotheralgorithms[7]—the existenceof effi-
cient polynomial encodingsfor suchproblemsallows advancesin
fundamentalSAT-solvingalgorithmsto applyto otherkindsof prob-
lemsaswell.

Consideringtheserecentsuccessesin solving conventionalSAT
problems,we believe that the simplicity of SAT may facilitate the
designandinvestigationof high-performingalgorithmsfor dynamic
searchproblems.Someof the problemstackledby fastSAT algo-
rithms, like planning,areoften dynamicin nature,andmay bene-
fit from the useof highly efficient algorithmsfor dynamicsatisfi-
ability problems.Furthermore,we believe that fundamentalprinci-
pleslearnedfrom studyingdynamicSAT problemsshouldcarryover
nicelyinto othersearchproblemslikegeneralizedconstraintsatisfac-
tion problems.

In thispaperweformally introducethedynamicsatisfiabilityprob-
lem andperformsomesimpleexperimentsto seehow state-of-the-
art SAT-solvingalgorithmshandledynamicSAT problems.We also
considerthe fundamentalquestionof whether, whensolving series
of relatedSAT problems,it is betterto startsearchwith thebestsolu-
tion foundfor thepreviousproblemor to startsearchwith a random
initial assignment.

2 The Dynamic Satisfiability Problem

TheconventionalSAT problemcanbegeneralisedin differentways
to allow for dynamicchangesin the problemover time. Onepossi-
bility is to startfrom a given SAT instanceandallow clausesto be
dynamicallyaddedto or retractedfrom this instance.Themotivation
behindthis definition is thatof modellinga systemwhich is subject
to differentconstraintsat differentspointsin time; theseconstraints
couldreflectthestateof theenvironmentor of asubsystem,or thein-
put by a userwho controlsthesysteminteractively. This notionof a
dynamicSAT problemis capturedby thefollowing formaldefinition:

Definition 1: An instanceof the dynamicSAT problem (Dyn-
SAT) over a set � of propositionalvariablesis given by a function���	��
�������� ��� , where

�
is thesetof nonnegative integers,and������ ��� is thesetof all propositionalformula in conjunctive nor-

mal form which useonly the variablesin � . For technicalreasons,
we will consideronly casesfor which thesetof all clausesover all
timestepsis finite, i.e.,

�
mentionsonly a finite numberof clauses.

If a DynSAT instancedoesnot changeafter a a finite numberof
time steps,i.e., if ��� ����� � � �!�!�"� ��# �!� �$� , we call this
instancean � -stage DynSAT instance. A DynSAT instanceis cyclic
with period % if

� � �&�!� �(')%��*# �!� �+� .
Thedecisionvariant of theDynSAT problemis to determinefor a

givenDynSAT instance
�

whether
�!� �+� is satisfiablefor eachtime



� , i.e., it hasamodel , � �+� . If this is thecase,
�

is calledsatisfiable,
otherwise,

�
is calledunsatisfiable.Theproblemof determiningase-

quenceof modelsis calledthemodeltrackingvariantof theDynSAT
problem.

Anotherway of definingDynSAT is to usea fixed setof clauses
but allow certainpropositionalvariablesto be set to true or false
at differentpoints in time. The intuition behindthis generalisation
of conventionalSAT is that of certaindistinguishedpropositional
variablesrepresentingsensorinformation or user input, while the
remainingvariablescorrespondto aspectsof the systemwhich are
controlled by the DynSAT solver (e.g., actions,in the context of
SAT-encodedplanningproblems).This canbe easily formalisedin
thefollowing way:

Definition 2: An instanceof the dynamicSAT problem (Dyn-
SAT) over a set � of propositional variables is given by a CNF
formula

�
over � anda second-orderfunction - �.�/
�0� � 
�1325476�8:9<;>=�?"@38:9<;>478A8	B � , where

�
is the setof positive integers.For

eachtime � , - � �$� determinesfor eachvariable appearingin
�

whetherit is fixed to true, fixed to false,or not fixed. The notion
of � -stage andcyclicDynSAT instancescanbedefinedexactly anal-
ogouslyasin Definition 1.

Thedecisionvariant of theDynSAT problemis to determinefor a
givenDynSAT instance

�C� 9 -D� whetherit is satisfiable,i.e., to deter-
minewhetherfor eachtime � , � hasamodel , � �+� suchthat , � �$�
assignstrueto eachvariable E for which - � �$� � E��F# 2G4H6�8 andfalse
to eachvariableE for which - � �+� � E��*# ;>=�?"@38 . Analogouslyto Defi-
nition 1, theproblemof determiningthesequenceof modelsis called
themodeltrackingvariant of theDynSAT problem.

It is not hardto seethatDefinitions1 and2 areequivalentin the
sensethat eachDynSAT instanceaccordingto Definition 1 canal-
waysbetransformedinto anequivalentDynSAT instanceaccording
to Definition 2 andvice versa.Theproof of this propositionis based
on thefollowing two observations:

Given a DynSAT instance
�C� 9 -D� , for eachvariable E which is

fixedattime � weaddtheunit clauseE to
�

if - � �+� � E��I# 2G4H6�8 , and
we addtheunit clauseJKE to

�
if - � �+� � E��I# ;>=�?"@38 . (If - � �+� � E��.#;>4	8A8

, then E is not fixed at time � andno unit constraintsneedto
beadded.)This givesa sequence

�
where
�!� �$� consistsof

�
with

necessaryunit clausesadded.Clearly
�

is satisfiableif
�C� 9 -D� is

satisfiable.
Conversely, givenaDynSAT instance

�
, we let

�
betheCNFfor-

mulaconsistingof all theclausesmentionedby
�

(accordingto the
definition,this is a finite structure);we thenextendthesetof propo-
sitional variablesby addingan indicatorvariable E	L for eachclauseM L in � . Now, anotherCNFformula

��N
is obtainedby replacingeach

clauseM L in � by M LIO JKE L . Finally, - � �+� is definedsuchthat for
theindicatorvariables,- � �+� � E7LP�F# 2G4H6�8 if M L appearsin

�!� �+� , and- � �+� � E L �Q# ;>=�?"@38 if M L doesnot appearin
�!� �$� ; for all original

problemvariablesE , - � �+� � E��*# ;>478A8 . �C� N 9 -D� is satisfiableexactly
if
�

is satisfiable.

Both definitions have advantages.Definition 1 is conceptually
simpler and a slightly more obvious generalisationfrom conven-
tional SAT from a theoreticalpoint of view; this makes it slightly
bettersuitedfor theoreticalconsiderations.Definition2, ontheother
hand,reflectsactualdynamicsystemswith sensoryinformationin a
moredirectwayand,aswewill seelater, facilitatesthedevelopment
of generalisationsof conventional local searchalgorithmsfor SAT
to DynSAT. For the remainderof this paper, we thereforefocuson
DynSAT problemsformalisedaccordingto Definition 2.

It shouldbe notedthat for practicalapplications,both typesof
changes—adding/retractingclausesandfixing/releasingvariables—
canoccur. This situationcaneitherbehandledby a formulational-

lowing for bothchanges(which canbeobtainedby combiningDef-
initions 1 and2) or by encodingonetype of changesinto the other
onebasedon theobservationsabove. Furthermore,both definitions
are slightly more generalthan suggestedby the informal motiva-
tion given before: in practicalapplications(i.e., DynSAT-encoded
dynamicproblems),we would expect that typically only a distin-
guishedsetof clausesor variableswould besubjectto thedynamic
changes,while otherclausesor variablesrepresentstaticproperties
of thegivenproblem.For thesake of generalityandconceptualsim-
plicity, we did not reflectthis intuition in ourdefinitions.

DynSAT canbe generalisedto a dynamicversionof MAX-SAT
in a straightforwardway:Dyn-MAX-SAT instancesareDynSAT in-
stanceswherethe objective is to maximisethe numberof satisfied
clausesin eachstageof theproblem.Thus,Dyn-MAX-SAT instances
modelproblemswhereassignmentswhich do not satisfyall clauses
in a givenstagearestill of value.Typically, this situationis given if
optimisationproblemsaremodelledwheresomeof theclausesrep-
resentconditionswhich are not essentialto a solution,but which,
whensatisfied,increasethevalueof asolution.

3 SLS Algorithms for DynSAT

Stochasticlocal searchis a particularlypromisingmethodfor solv-
ing dynamicsatisfiabilityproblems:intuitively, theunderlyinglocal
searchparadigmseemsto bewell suitedfor recoveringsolutionsaf-
ter local changesof the problemoccurr. Furthermore,state-of-the-
art SLS algorithmsshow an impressive performancein solving a
broadrangeof conventional,staticSAT problems[5] andtheseal-
gorithmscanbeeasilyextendedto solve dynamicSAT anddynamic
MAX-SAT. Onedrawbackof SLS algorithmscomparedto system-
aticsearchmethodsis thefactthatthey aretypically incomplete,i.e.,
they cannotprove the unsatisfiabilityof a probleminstance.How-
ever, in practicethisisoftennotproblematic,sincein many cases,the
problemis to find a model(or, in dynamicSAT, a sequenceof mod-
els),andSLSalgorithmshave beenshown to becompetitive with or
superiorto completesystematicsearchproceduresfor a wide range
of SAT problems.Furthermore,dueto the sizeandhardnessof the
probleminstances,or tight time-constraints,systematicsearchpro-
ceduresoftencannotberun to completion,which severelylimits the
practicalrelevanceof their theoreticcompleteness.Finally, it hasre-
centlybeenshown thatsomeof thebest-performingSLSalgorithms
currentlyknown areprobabilisticallyapproximatelycomplete,i.e.,
they find an existing model with arbitrarily high probability when
givensufficientsearchtime[3]. It isalsoknown thatin practice,these
algorithmscanbeeasilyparallelisedwith optimalspeedup[6].

For solving dynamicSAT problemsusingSLS algorithms,there
areseveralbasicapproaches:

1. Solving a DynSAT instanceasa seriesof conventionalSAT in-
stances.This methodis very genericandallows arbitrarySAT al-
gorithmsto beused.However, it doesnot exploit thefactthatthe
changesfrom onestageof the dynamicproblemto the next are
typically rathersmall andlocal in natureandthusmight require
only relatively small repairsto the solution from the last stage.
For SLSalgorithmswith randomsearchinitialisation(suchasthe
GSAT [11, 10] or WalkSAT algorithms[8]), this methodis equiv-
alent to restartingthe searchat the beginning of eachstage.We
thereforereferto thismethodasrandomrestart.

2. Using SLS algorithms for conventional SAT, but after each
change,continuingthe searchfrom the point in the searchtra-
jectorywherethechangeoccurred.Wecall thismethodtrajectory
continuation. Intuitively, it shouldbe able to recover a solution
quickly if only afew searchstepsarerequiredto repairtheclauses
whichareunsatisfiedafterthechange.
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3. Devising specialisedSLS algorithmsfor DynSAT which try to
identify promisingstartingpoints for recovering a solutionafter
achangehasoccurred.Thisapproachis ageneralisationof trajec-
tory continuationand,in principle,allowsusto exploit knowledge
on theprobabilityor frequency of changes.

4. Devising specialisedSLS algorithmsfor DynSAT which exploit
givenor learnedknowledgeaboutthedynamicsof theproblems,
but are not just generalisationsof trajectorycontinuation.Such
algorithmsmight, for example,steerthe searchtowardssolution
which aremorerobust to change,usingstatisticalinformationon
theprobabilityof specificchangeslearnedduringpreviousrunsof
thealgorithm.

Approaches1 and2 have the advantagethat existing, highly op-
timisedimplementationsof state-of-the-artSLSalgorithmsfor SAT,
suchasvariousvariantsof GSAT [10] andWalkSAT [8] algorithms
canbe useddirectly or with very minor modifications.This is par-
ticularly attractive when assumingan applicationscenariowhere
the changesoccur on the sametime-scaleas is requiredfor find-
ing or recovering a solution andno information regardingthe fre-
quency or probabilityof certainchangesis available.This situation
would begiven,for instance,in anembeddedreal-timecontrolsys-
tem, wherethe changesreflect sensorinformation in a highly un-
predictablephysicalor virtual environment.Approaches3 and4 re-
quire moresubstantialmodificationsof existing algorithmsor even
newly designedalgorithms.They seemto be moreappropriatefor
situationswherethetime constraintsaremorerelaxed,suchthatad-
ditional computationtime is availablefor collectingtheinformation
requiredfor reachingmorerobustsolutions.Approach4 would also
be the mostpromisingmethodif the environmentis suchthat vital
aspectsof theproblemdynamicsareeitherknown or canbelearned
reasonablyefficiently [13].

For thisinitial investigation,wefocusonapproaches1 and2,since
aswe have seen,approaches3 and(even to a greaterextent) 4, re-
quireadditionalassumptionswhich complicatetheempiricalevalu-
ationandrestrictits scope.For now, we thusrestrictourselvesto the
investigationof thefollowing questions:

R Doestrajectorycontinuation(approach2) work significantlybet-
ter thanrandomrestart(approach1)?R WhichSLSalgorithmsfor conventionalSAT lendthemselvesbest
to solving DynSAT problems,usingrandomrestartor trajectory
continuation?

Whenusingthetrajectorycontinuationvariant– asopposedto the
randomrestartvariant– of anSLSalgorithmto find a modelaftera
changein theproblemhasoccurred,thesearchcostcouldbeaffected
in differentways.Ideally, the modelof the previous stageis alsoa
modelof thenew stage,makingsearchunnecessary. (Sinceour goal
hereis to test performanceof varioussearchstrategies in tracking
modelsratherthanour goodfortunein choosingmodelsthatsatisfy
two adjacentDynSAT stages,all DynSAT instancesusedin ourstudy
have beenconstructedin a way that this situationnever occurs.)A
secondpossibilityis thattheold modelis closeto amodelof thenew
stagesuchthattheexpectedsearchcostis smallcomparedto solving
thenew stagefrom scratch.A third possibility is that theold model
could be in an areaof the new searchspacefrom which finding a
solutionof the new stageis relatively difficult. In this case,trajec-
tory continuationwould show anincreasedsearchcostover random
restart.A priori, it is notclearwhichof theseeffectswoulddominate
in practice.Furthermore,differentSLS algorithmsfor conventional
SAT mightbedifferentlyaffectedby thepositionthesearchis started
from afterachangeoccurrs.In thefollowing section,wedescribeex-
perimentswhich investigatethesequestions.

4 Empirical Results

For our empirical investigation, we focus on membersof the
prominentWalkSAT algorithmfamily. In particular, we useWalk-
SAT/SKC (the original WalkSAT algorithm)[10], WalkSAT/TABU
[8], NoveltyS andandR-NoveltyS [3]. Theseareamongthe best-
performingSLS algorithmsfor varioustypesof conventionalSAT
problems[5]. Thesealgorithmsstart the searchat a randomlycho-
sentruth assignmentandin eachstepselecta currentlyunsatisfied
clausewhich is thenforcedto becomesatisfiedby selectingoneof
its literalsandflipping the truth valueof thecorrespondingvariable
(for detailson thevariableselectionheuristics,see[8, 3]).

TheDynSAT instancesusedfor ourexperimentsarederivedfrom
setsof Random-3-SAT andSAT-encodedGraphColouringinstances
taken from the SATLIB BenchmarkSuite.2 Theseproblem types
wereselectedbecausethey have beenintenselystudiedin the SAT
communityandallow usto studypotentialdifferencesin algorithmic
behaviour for randomandmorestructuredproblems.

4.1 Random-3-SAT Instances

For Random-3-SAT, we developeda seriesof 10-stageDynSAT in-
stancesbasedonSATLIB test-setuf125-538 (asetof 100cnf formu-
laewith 125variablesand538clauseseach).For eachconventional
SAT instance,aDynSAT instancewasobtainedby fixing 6 variables
at eachstage.For thefirst stage- �CT � , we specified6 randomlyse-
lectedvariablesE , where E wassetrandomlyto

2G4H6�8
or
;>=�?"@38

. For
thesubsequentstages,- �"U 'WV3� includedonenegatedvariablefrom- �"U � aswell as5 other randomlychosenvariables.(Negatingone
variablefrom thepreviousstageensuredthatstage

U
andstage

U 'XV
would not shareany models,makingsomesearchnecessaryfor ev-
erystage.)UsingasystematicSAT solver, wecheckedthesatisfiabil-
ity of eachstagethusgenerated;if a givenstagewasnot satisfiable,
morestagesmeetingthe samerequirementsweregenerateduntil a
satisfiableonewasfound.

To evaluatetheefficacy of a local searchalgorithmfor DynSAT,
we usethe RLD-basedapproachof [4]: for eachstageof a Dyn-
SAT instance,we measurethe run-length(i.e., the numberof vari-
ableflips neededto reacha satisfyingassignment),thensumup the
run-lengthsover all stagesandmeasurethesetotal run-lengthsover
multiple tries on the sameprobleminstancein orderto obtainrun-
lengthdistributions(RLDs). Here,eachRLD is basedon 250 tries
per instance;eachtry hada high cutoff parametersettingof V T	Y for
eachstageto ensurea maximal numberof successfultries. From
theseRLDs, we extractedthe mediansearchcostper instanceand
analysedthedistribution of this measureover thetest-set.We tested
theperformanceof threealgorithms:WalkSAT/SKC with noise0.5,
WalkSAT/TABU with tabu-list length5, andR-NoveltyS with noise
0.7andwalk probability0.01.3

Table1 showsbasicdescriptivestatisticsof thedistributionof me-
dian searchcostover our Random-3-SAT test-set.It shows that the
searchcostfor thevariantsusingtrajectorycontinuationis approxi-
matelya factorof 2 lower thanfor thoseusingrandomrestart.This
performancegain canbe observed for all threealgorithms,indicat-
ing that theeffectivenessof trajectorycontinuationdoesnot depend
on thesearchheuristic.Furthermore,it maybenoticedthat theper-
formancedifferencesbetweenthe threeWalkSAT variantsarequal-
itatively analogousto thoseobserved for the underlyingtest-setof
conventionalSAT instances[5]
Z

SATLIB is awidely usedresourcefor SAT-relatedresearchavailableon the
WWW atwww.informatik.tu-darmstadt.de/AI/SATLIB.[
The parametersettingsarethe oneswhich areapproximatelyoptimal for
theunderlyingconventionalSAT problems[5].
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test-set mean v.c. median \<]_^ \`]_^bab\ � ^
wsatt.c. 20145.67 1.59 10077 49475 33.18
wsatr.r 42333.78 1.07 28311 76392 5.04

wsat+tabu t.c. 14894.20 1.44 7265 32353 29.20
wsat+tabu r.r 28456.89 0.84 19407 58160 6.50

rnov+ t.c. 6975.99 1.15 3800 16168 28.97
rnov+ r.r 14252.82 0.65 11241 27494 5.09

Table 1. DynSAT instancesbasedonSATLIB test-setuf125-538, basic
descriptive statisticsof mediansearchcostperinstancefor different

algorithmsusingrandomrestart(r.r.) andtrajectorycontinuation(t.c.); v.c.
denotesthevariationcoefficient (stddev/mean)and \<c the d�e percentile.

Interestingly, for trajectorycontinuation,a muchlarger variation
in searchcostacrossthe test-setcanbe observed than for random
restart.A closerlook at theunderlyingdatarevealsthattheeffect of
trajectorycontinuationvariessignificantlybetweendifferentstages
of a problem,suchthat for the 10-stageproblemsusedhere,these
differencesaddup suchthat for someinstances,many of thestages
arelikely to be solved almostinstantly, while for others,all stages
requiresubstantialsearchfor t.c. aswell asfor r.r.
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Figure1. Correlationof mediansearchcostfor R-NoveltyS with t.c. and
r.r. acrosstheDynSAT test-setderivedfrom uf125-538; thecorrelation

coefficient is gihkj lAm .

This variationcanalsobeseenfrom Figure1, showing thesearch
costperinstancefor R-NoveltyS with trajectorycontinuationvs.ran-
domrestart.Note that thereareonly 2 probleminstancesfor which
t.c. performs(minimally) worsethanr.r., while for about1/3 of the
instancestested,the searchcost for t.c. is more than oneorder of
magnitudelower. Thecorrelationbetweenthesearchcostfor t.c.and
r.r. acrossthetest-setis typically ratherweak(0.45for R-NoveltyS ,
similar for the other algorithms),while when comparingdifferent
algorithmsusingt.c. or r.r. each,a muchstrongercorrelationis ob-
served(correlationcoefficientsbetween0.8and0.95).Thisconfirms
that the improvementachieved by usingt.c. is orthogonalto theef-
fect of the underlyingalgorithm and largely independentfrom the
relative hardnessof theinstancewithin this test-set.

Overall, theseresultssuggestthat trajectorycontinuationis gen-
erally moreefficient thanrandomrestartwhensolving DynSAT in-
stancesbasedonRandom-3-SAT problems,andthatfor theunderly-
ing SLSalgorithm,high performancefor staticSAT instancestrans-
latesto goodperformanceonrelatedDynSAT problems.

4.2 SAT-encodedGraph Colouring Instances

The previous resultsnaturally lead to the questionof whetherthe
resultspresentedthus far dependon propertiesof the underlying
Random-3-SAT instances,or extendedto DynSAT instancesbased
on other kinds of SAT problems.Therefore,we conducteda sec-
ondseriesof experimentsusingmorestructuredDynSAT instances

derived from SATLIB test-setflat100-239 comprising100 SAT-
encodedgraph colouring instances,each with 100 vertices, 239
edges,anda chromaticnumberof 3. TheseSAT instanceshave been
studiedin [5] and contain300 propositionalvariableseach.From
eachof theseSAT instances,wederiveda10-stageDynSAT instance,
wherein eachstage- �"U � thecolourof threeverticesis fixed.For the
first stage- �CT � , werandomlychosethreevertices,andfor eachver-
tex we picked a randomcolour. For the following stages,- �"U 'nVA�
includesonevertex from theprevious stage,- �"U � , fixed to a differ-
ent colour, onevertex from - �"U � fixed at the samecolour, andone
new randomlychosenvertex/colourpair. As for theRandom-3-SAT
instances,this ensuresthat a new modelbe found for the resulting
SAT encoding;here,it alsoguaranteesthatthestage- �"U 'oVA� cannot
besolvedby simply permutingthecoloursentailedby of , �"U � . As
before,we madesurethateachstageis satsifiablein orderto obtain
a test-setof 100satisfiableDynSAT instances.

For this test-set,wemeasuredtheperformanceof two algorithms:
WalkSAT/SKCwith noise0.5,andNoveltyS with noise0.6andwalk
probability 0.01.4 For eachinstance,we measuredRLD datafrom
100tries,wherea high cutoff parametersettingof V T	Y variableflips
(perstage)ensureda maximalnumberof successfultries.

test-set mean v.c. median \ ]_^ \ ]_^ ab\ � ^
wsatt.c. 1172919.30 0.60 1053738 1968591 4.17
wsatr.r 1187833.22 0.62 957819 2146433 4.24

wsatt.c.s.r. 670571.11 0.58 566165 1112616 4.01
nov+ t.c. 289056.55 0.92 205854 510034 5.13
nov+ r.r 301332.71 0.86 212009 548829 5.37

nov+ t.c.s.r 226391.21 0.73 168413 422093 5.60

Table 2. DynSAT instancesbasedonSATLIB test-setflat100-239, basic
descriptive statisticsof mediansearchcostperinstancefor different

algorithmsusingrandomrestart(r.r.), trajectorycontinuation(t.c.),and
trajectorycontinuationwith soft restart(t.c.s.r.).

Fromtheperformancedatashown in Table2, it is immediatelyap-
parentthatfor thegraphcolouringproblems,trajectorycontinuation
is notaseffective asfor theRandom-3-SAT instances.This suggests
that for thesemorestructuredproblems,it is muchmoredifficult to
reachamodelstartingfrom anoldmodelafterachangehasoccurred.

Uponcloserexaminationof theunderlyingperformancedatafrom
individualstagesof selectedprobleminstances,it becomesclearthat
for theseproblems,two contraryeffectscanbeobserved:Sometimes,
trajectorycontinuationis asefficient in recoveringsolutionsquickly
asfor theRandom-3-SAT instances.Thereareothercases,however,
for whichthemodelfoundduringthepreceedingstageseemsto pro-
videanespeciallybadstartingpoint for thenext phaseof search,and
trajectorycontinuationgives significantly worseperformancethan
randomrestart.

This observationleadsusto introducea slight modificationof the
trajectorycontinuationapproach:the soft restartstrategy triggersa
randomrestartwhenfor a givennumberof flips (in our experiments
setto 10timesthenumberof variablesin thegivenprobleminstance)
no improvementin theobjective function(i.e., thenumberof unsat-
isfied clauses)over the bestvalueencounteredsincethe last restart
hasbeenachieved. Intuitively, whencombinedwith trajectorycon-
tinuation,this strategy shouldenabletheunderlyingSLSalgorithms
to recover quickly from bad initial assignments,aswell asexploit
thefull benefitof goodinitial assignments.Thedatain Table2 con-
firms this intuition andshows that trajectorycontinuationwith soft
restartis significantlymoreefficientthanrandomrestartfor thegraphp

As for Random-3-SAT, theseparametersettingswereselectedaccordingto
approximatelyoptimalparametersettingsfor theunderlyingconventional
SAT test-sets,see[5].
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colouringinstancesconsideredhere.However, theperformancedif-
ferenceis still muchsmallerthanfor theRandom-3-SAT instances,
suggestingthat for more structuredDynSAT problems,t.c. is less
effective thanit is for unstructured,randomprobleminstances.

Whenanalysingthecorrelationof searchcostfor thesamealgo-
rithm usingrandomrestartand t.c. with soft restart,resp.,we find
that the correlationis quite strong(

4 # T&q r7s for NoveltyS ). This
reflectsthesmallerimpactof t.c.with soft restartvs. randomrestart,
but alsothemoreuniform structureof the instancesimposedby the
SAT-encodingof the underlyinggraphcolouring instances,which
makesthevariationin observedperformancedifferencebetweenthe
two approacheslessextremethanfor theRandom-3-SAT case.

Overall, theseresultsconfirm that trajectorycontinuation(espe-
cially whencombinedwith soft restart)is moreefficient thanrandom
restart.

5 RelatedWork

Theconceptof dynamiccombinatorialsearchproblemsis not a new
one.DechterandDechter[1] introducethe dynamicconstraintsat-
isfaction problem,anddescribemethodsfor finding new solutions
when CSPsundergo minor changeslike the addition of unit con-
straintsto exisiting variables.Theirwork focusesonthepropogation
of constraintsin constraintnetworks,anddoesn’t considerheuristic
repairor local searchat all.

Verfaillie andSchiex [12] examinewaysto reusesolutionsto dy-
namic randomCSPs,and introducean algorithm which combines
featuresof backtrackingandheuristicrepairtechniques.Their algo-
rithm performswell for a rangeof randomprobleminstances,but
it is not clearhow its performancewould compareto state-of-the-
artSLSalgorithmsfor CSPs.Furthermore,they don’t considermore
structuredproblems.

Ginsberg, Parkes,andRoy [2] attemptto quantify thenotionof a
robustSAT modelby introducingsupermodels. Their distinctionbe-
tweentherobustnessof solutionsandalgorithmsis a usefulone,but
finding reasonablesupermodelswhich arerobustto changesof even
several variablesis ordersof magnitudemoredifficult thanfinding
a simplemodel,andthusnot usefulfor theDynSAT algorithmswe
proposehere.We hopefuture work will be ableto further quantify
therobustnessof SAT modelsin away thatis easierto approximate,
andwhich is easilyamenableto local searchmethods.

WallaceandFreuder[13] alsoexploredynamicCSPsandsolution
stability, consideringthecasewhereproblemchangesaretemporary
andrecurring.In this case,it is possibleto learnwhatthenext prob-
lem changeis likely to be, so WallaceandFreuderdefinea stable
solution as onewherevariablesare assignedvalueswhich are not
likely to bemadeunavailablein thenext problemchange.This idea
is usefulwhenproblemschangesarerecurring,but doesn’t help us
decidewhen a solution is stablein a more fundamentalway, i.e.,
whena solutionis asrobustaspossibleto future problemchanges,
evenif they areareunexpected.

6 Conclusions

In this paper, we introducedthe dynamicSAT problem(DynSAT),
gave two different,but equivalent,definitionsfor this problem,and
presentedaninitial investigationof stochasticlocalsearchalgorithms
for DynSAT. We characterisedseveral approachesfor solving Dyn-
SAT problemsusingstochasticlocal search,two of which allow ex-
isting,powerful SLSalgorithmsfor SAT to beusedwith little or no
modification.We investigatedthesetwo approaches,basedon ran-
domrestartandtrajectorycontinuationaftereachchangeof theprob-
lem,by empiricallyanalysingtheperformanceof severalvariantsof

thewell-known WalkSAT algorithmfor SAT whenappliedto differ-
ent typesof DynSAT instancesderivedfrom establishedbenchmark
problemsfor conventionalSAT. Our resultsindicatethat trajectory
continuationis considerablymoreefficient thanrandomrestart,par-
ticularly for hard,unstructuredproblemsprobleminstances.Wealso
found that heuristicswhich improve SLS performanceon static in-
stancesalsohelpto solvethecorrespondingDynSAT instancesmore
efficiently.

This work presentsonly an initial investigationof the DynSAT
problemandmethodsfor solvingit. Many interestingresearchissues
remainto be explored.Oneof themostfruitful areasappearsto be
thestudyof algorithmsfor DynSAT which utilise the time between
finding an initial solutionof the currentstageof a problemandthe
occurrenceof thenext changeto searchfor solutionswhicharemore
robust with respectto problemchanges.Moreover, whenconsider-
ing scenarioswherethe changescanbe expectedto be of a regular
nature,someof thelessonslearnedfor dynamicCSPscanobviously
beappliedto DynSAT, andcombinedwith heuristicstrategieswhich
work well for conventionalSAT. Otherdirectionsfor futureresearch
on dynamicSAT includetheadaptionof systematic,Davis-Putnam
likeSAT proceduresto thedynamiccaseandthecombinationof SLS
algorithmsfor DynSAT with polynomial preprocessingtechniques
which areknown to be crucial for solving large andcomplex con-
ventionalSAT problems.

Overall,we believe thatDynSAT is aninterestingproblemwhich
will allow us to extend the knowledgegainedfrom studyingalgo-
rithmsfor conventionalSAT to dynamicproblems.Sharingthesame
motivationasthemoregeneraldynamicCSPproblem,dynamicSAT
couldbenefitfrom thesameconceptualsimplicity which hasfacili-
tatedrecentsuccessesin SAT-relatedresearch.
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[5] H.H. HoosandT. Stützle, ‘Local searchalgorithmsfor SAT: An em-
pirical evaluation’, to appear: J. AutomatedReasoning, specialIssue
“SAT 2000”, (1999).
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